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Abstract

We present a New Keynesian model in which a fraction n of agents are fully rational,
and a fraction 1 — n of agents are bounded rational. After deriving a simple reduced
form, we demonstrate that the Taylor condition is sufficient for determinacy and sta-
bility, both when the proportion of fully rational agents is held fixed, and when it is
allowed to vary according to reinforcement learning. However, this result relies on the
absence of persistence in the monetary policy rule, and we demonstrate that the Tay-
lor condition is not sufficient for determinacy and stability in the presence of interest
rate smoothing. For monetary policy rules that imply indeterminacy, we demonstrate
the existence of limit cycles via Hopf bifurcation, and explore a rational route to ran-
domness numerically. Our results support the broader literature on behavioural New
Keynesian models, in which the Taylor condition is known to be a useful guide to

monetary policy, despite not always being sufficient for determinacy and/or stability.
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1 Introduction

The workhorse New Keynesian model is used by central banks, governments, and policy in-
stitutions, and defines the contemporary orthodoxy in monetary policy. This states that the
central bank should raise interest rates more than one-for-one with any observed increase
in inflation, such that the real interest rate increases in response to inflationary shocks,
and aggregate demand is subject to central bank control. This principle, translated into
the mathematics of DSGE models, ensures that the dynamics of output and inflation are
determinate and stable. However, the workhorse model relies on a number of simplifying
assumptions. In particular, the basic model assumes that any heterogeneity between house-
holds and firms can be ignored, and that all agents are endowed with the ability to form
rational expectations. These characteristics of the contemporary orthodoxy have been heav-
ily criticised since the 2008 crisis, encouraging the growth of a literature on behavioural New
Keynesian models (Calvert Jump and Levine, 2018).

The behavioural New Keynesian literature builds on the pioneering work of Branch and
Evans (2007), Branch and McGough (2004, 2009, 2010), and De Grauwe (2011, 2012a,b),
who present models in which a subset of agents form expectations in a bounded rational
manner. The size of this subset can be fixed, or can vary according to a learning dynamic.
Although the Taylor principle is neither necessary nor sufficient for determinacy and stability
in these models (Branch and McGough, 2010, 2016), it remains an important guide to
monetary policy. Pecora and Spelta (2017), for example, present a simple model in which
the Taylor condition is sufficient for stability, although convergence to the steady state can
be slow. This general result, in which the orthodox approach to monetary policy is qualified,
but remains correct in its basic logic, is supported by the review of monetary policy under
imperfect knowledge in Eusepi and Preston (2018). It is a useful contribution to the current
state of knowledge, and largely supports the existing framework.

In this paper, we present a model that supports this general result. It goes beyond the
existing behavioural New Keynesian literature by deriving analytical stability conditions in a
model with bounded rationality and rational expectations. We make two main contributions
to the literature. Our first contribution is the derivation of analytical stability conditions.
The existing literature tends to rely on numerical simulation to study the dynamics of be-
havioural New Keynesian models. While the benefits of numerical simulation are numerous,
we are of the opinion that analytical results, arrived at by the use of small models, provide
important insights'. Our second contribution is the use of the anticipated utility approach of
Kreps (1998). The majority of the existing literature on behavioural New Keynesian models
employs Euler learning, in which agents’ decisions are based on first order conditions to
maximisation problems. In contrast to the rational expectations solution, in which model
consistent expectations enter the first order conditions, Euler learning uses simple bounded

rational predictors alongside knowledge of the form of the rational expectations solution.

IThis is a standpoint shared by, for example, Turnovsky (2011).



In the anticipated utility approach, henceforth AU, agents follow an optimal decision
rule conditional on their beliefs over aggregate states and prices?. This takes into account
all information available to the agent, and involves forecasts of variables external to them.
AU is similar - but not identical - to the internal rationality approach of Adam and Marcet
(2011), in which “agents maximize utility under uncertainty, given their constraints and
given a consistent set of probability beliefs about payoff-relevant variables that are beyond
their control or external”. With internal rationality, henceforth IR, beliefs take the form of
a well-defined probability measure over a stochastic process - the fully Bayesian plan. Adam
and Marcet (2011) and Adam et al. (2017) utilise the IR approach, whereas our paper and a
number of the applications cited below adopt AU. Cogley and Sargent (2008) compare AU
and IR and encouragingly find that AU can be seen as a good approximation to the fully
Bayesian plan3.

The AU approach was first used in a New Keynesian model in Preston (2005), and a
real business cycle model in Eusepi and Preston (2011). Adam and Marcet (2011) apply
the IR approach to asset pricing, Spelta et al. (2012) apply AU to a model of house prices,
Woodford (2013) apply AU to a New Keynesian framework, and Adam et al. (2017) apply IR
to a model of stock market booms. Massaro (2013) constructs a behavioural New Keynesian
model in which a fixed subset of agents are AU learners and the remaining subset are fully
rational. Of these existing studies, our approach is closest to Massaro (2013). Specifically,
we present a New Keynesian model in which a fraction n of agents are fully rational, and a

fraction 1 — n of agents are AU learners, and use this to demonstrate the following results:
1. The Taylor condition is sufficient for determinacy and stability when n is fixed,

2. The Taylor condition is sufficient for local determinacy and stability when n varies

according to reinforcement learning,

3. When monetary policy is such that the dynamics are indeterminate, limit cycles can

exist, and may be followed by a rational route to randomness,

4. The Taylor condition is not sufficient for determinacy and stability in the presence of

interest rate smoothing.

Thus our results offer qualified support to the existing monetary policy orthodoxy, which is
consistent with the message of the behavioural New Keynesian literature.
The remainder of the paper is organised as follows. Section 2 presents the basic New

Keynesian framework. Section 3 presents the New Keynesian model with AU households and

2The anticipated utility approach with infinite time horizons is also referred the infinite-time horizon
approach. Bounded rationality of this form can be generalized to finite time horizons - see Lustenhouwer

and Mavromatis (2017) and Woodford (2018).
3See Branch and McGough (2016) and Deak et al. (2017) for further discussion. Sinitskaya and Tesfatsion

(2015) introduce forward-looking optimizing agents into an ACE framework. They use a concept that falls
within a general definition of AU which they refer to as “constructive rational decision making”. Graham

(2011) uses the term “individual rationality” to refer to the same general concept.



firms, and demonstrates our first proposition. Section 4 incorporates reinforcement learning,
and demonstrates our second and third propositions. Section 5 incorporates interest rate

smoothing, and demonstrates our fourth proposition. Section 6 concludes.

2 The New Keynesian model with rational expectations

In this section, we briefly recap the workhorse New Keynesian model with rational expec-
tations. We set up the model in a way the emphasises the link with bounded rationality
assuming anticipated utility, which should aid the reader when interpreting the models in
sections 3 and 4 below. We first consider the decision problems of households and firms,

and then the aggregation and equilibrium conditions.

2.1 Households

Let Cy(j) denote consumption and H,(j) denote hours worked for the jth household. The

within-period utility function is,

Hy(j)*

) = Yoa(Cu(i)) — 1

and households choose paths for consumption C;(j), labour supply H,(j), and holdings of
financial assets By(j), to maximise E; Y oo, 8°Us14(j) subject to the flow budget constraint,

Bi(j) = RiBi1(j) + WiH(5) + T'e(4) — Ci(4),

where W, denotes the real wage, I'; denotes distributed profits, and R; denotes the ex post
real interest rate paid on assets held at the beginning of period ¢. The first order conditions
for the household problem are,

cﬁﬁ:ﬁﬁ{éﬁéﬁ’

Usually, one analyses the New Keynesian model by log-linearising the first order conditions,

leading to the familiar consumption Euler equation and labour supply function,

ci(J) = By [ei1(d) — esa)s



where variables in lower case denote log-deviations.

As the labour supply function is static, it does not pose any particular problems when we
move from rational expectations to bounded rationality. The consumption Euler equation,
on the other hand, involves expectations of future variables, and a useful form of the house-
hold’s decision rule can be found by solving the household budget constraint forward in time
and imposing the Euler and transversality conditions. In symmetric equilibrium with zero
net financial assets, this yields a consumption function for the representative household of

the form,

W,
PVt(C't) = PVt ¢ + PVt(Ft),

which states that the present value of consumption is equal to the present value of total
income, where present value (PV}) is defined in the usual manner. Using exogenous point
expectations, appendices B and C in the supplementary material demonstrate that the

corresponding log-linearised consumption function is given by,

a1¢(J) = aowy + as(way + 1) + uwr g, (1)

where,
wiy = asBywi g — aglyriy + BEw1 141,
wor = (1 = B)ve — ¢ + PEwwo 141,
and,

denotes log-linearised dividends. Consumption is therefore a function of the current wage
and profit income, expected wage and profit income, and current and expected real interest

rates. The parameters and composite parameters are defined in table 1.

2.2 Firms

Firms in the retail sector uses a homogeneous wholesale good to produce a basket of differen-
tiated goods for aggregate consumption. Consumers choose the consumption of variety m at
a price P;(m) to maximise a standard CES sub-utility function with elasticity of substitution

equal to ¢, which yields the demand functions,
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Parameter

Definition

Q Elasticity of output with respect to labour input (a > 0)
g Representative household discount rate (0 < § < 1)

T Fixed cost of rational expectations predictor (—oo < T < o0)
¢ Elasticity of substitution between consumption goods (¢ > 0)
0 Monetary policy rule elasticity of inflation (6, > 0)

g, Monetary policy rule elasticity of output (6, > 0)

1 Intensity of choice parameter (u > 0)

19 Calvo probability that firms change price (0 < & < 1)

) Inverse Frisch elasticity of labour supply (¢ > 0)

o ag=1+a/¢

ay az=a(l=p)(1+1/¢)

o) as=1—«

oy oy = af

as as=(1-0)(1+1/9¢)

g ag=1+1/¢

6 0= (1= -p)~"

K k= (181 =B+ )(af)™!

(8 =(1-pg™"

A A= (0,k — 0-59)(086,) "

B B = (0, + 0.x1)(86,) "

C C = (k—46B6, — r)(80,)"

D D = (686, + k) (86,) "

Table 1: Parameters, parameter definitions, and composite parameter definitions.



or,

where P, = [ fol Pt(m)l_gdm] ¢ s the aggregate price index, and Cy, Y;, and P, are Dixit-
Stigliz aggregates (Dixit and Stiglitz, 1977).

For each variety m the retail good is produced costlessly from wholesale production,
Yi(m) =Y, = AcHy(m)*.

Following Calvo (1983), there is a probability 1 — ¢ in each period that the price of each
variety m is set optimally to P?(m). If the price is not re-optimized, then it is held fixed.*
For each retail producer m, given its real marginal cost MC;, the objective is at time t to

choose {P?(m)} to maximize discounted profits,

B Y NarYin(m) [PP(m) — P MCry] |

k=0

Uc,t+k/Pitk
Uc,:/ P

discount factor over the interval [¢,¢ 4 k]. The solution to this is,

subject to the demand functions, where Ay, = Bk is the nominal stochastic

[e o]

1
E, kZ:O kat,t+k}/z:+k(m) {Pto(m) - mpt—i-kMOt-&-k =0,

and by the law of large numbers the evolution of the price index is given by,
1- 1— -
Pl =P + (1= €)(Ph)
In a zero-inflation steady state, it is shown in appendices B and C in the supplementary

material that the linear choice for the optimizing retail firm m given the above can be

written as,
pi(m) — pr = war — way, (2)

where p¢(m) is the optimal price for firm m, and,

1

4Thus we can interpret %

as the average duration for which prices are left unchanged.



way = EPEw [(C— 1)1 + ws 1] + (1 — BE) (g + ucy),

wat = EPBei1 [(Tei1 + wagsr] + (1= BE (v + ucy + mey + msy),
where ; is the aggregate inflation rate, y, is aggregate output, uc; is household marginal
utility, mc; is marginal cost, and ms; is an exogenous supply shock. Finally, for the wholesale

sector we have,

yt == Oéht,

me; = wy — Yg + hy.

Note that labour productivity is assumed to be constant, so the only exogenous driving

variable is the shock process ms;.

2.3 Aggregation and equilibrium

Assuming a unit measure of households and retail firms, aggregation entails ¢ (j) = ¢,
hi(j) = hy, p2(m) = p¢, and &mp = (1 — &)(p¢ — py). Equilibrium in the output market
requires 1; = ¢;. The model is completed with a Fisher equation,

Tt = Tpt—1 — T,

where 7, ; is the nominal interest rate, and a policy rule of the form,

Tnt = 0 4 Oyy:. (3)

We confine our attention to implementable policy rules, and postpone until section 5 a

discussion of rules with persistence.

2.4 Reduced form

Imposing the aggregation and equilibrium conditions, we arrive at the workhorse New Key-

nesian three equation model,

Y = Eyyepr — (T'n,t - Etﬂ't+1>7 (4)



7y = BEm1 + k(Y + msy), (5)

Tnt = 97r7rt + eyyt' (6)

Before presenting the determinacy condition, two points about this formulation need to
be made. First, there is no lagged output in the demand curve (4), nor lagged inflation
in the Phillips curve (5). These can enter through the introduction of external habit in
households’ utility functions and price indexing, respectively. But we choose to focus on
bounded rationality as a persistence mechanism, so both of these features are omitted.
Second, even without these persistence terms, the linearisation is only correct about a zero
inflation steady state.

To find the determinacy and stability condition for the rational expectations model in

(4) - (6), we write the model in state space form, setting ms; = 0 and substituting out 7, ;
from (4) using (6). We then have,

Eyi 1+0,+k/8 0. —1/8 Yt

Eimiq —K/B 1/8 Ll

Denote the trace of the system in (7) by 7, and the determinant by A. These are,

T=14+0,+k/8+1/8,

_1+0,+ kb

A
g

For stability, we simply require a stable shock process ms;. For determinacy, we require
that both of the eigenvalues of the system in (7) lie outside the unit circle, as both y; and

m; are jump variables (Blanchard and Kahn, 1980). Necessary and sufficient conditions are
(Woodford, 2003),

1. A>1,
2.1—74+A >0,
3. 1+474+A>0.

As 8 < 1 and 0, + k0, > 0, condition 1 is always satisfied, and the binding condition is

condition 2. Substituting in the trace and determinant, we arrive at the familiar condition,

0. + (ﬂ) 6, > 1. (8)



3 The New Keynesian model with anticipated utility

We now extend the standard New Keynesian model to include both AU and fully rational
households and firms. This allows us to demonstrate our first proposition, and forms the

basis of the model with reinforcement learning in section 4.

3.1 Households

We distinguish between the consumption of fully rational households, ¢/*¥, and AU house-
holds, ¢V. The consumption of fully rational households is pinned down by the rational

expectations Euler equation as before,
o =By [efif = (g — mir1)] (9)

where we have omitted the household index to reduce notational clutter. With Euler learning
(henceforth EL), as in Branch and McGough (2010), the consumption of bounded rational

households would be pinned down by the Euler equation,

CfJL =E; [Cfﬁ - (Tn,t - th)} )

where E} denotes a bounded rational expectations operator. Hence households base their
consumption decisions on forecasts of the same decision in future periods.
As discussed in the introduction, we replace Euler learning with anticipated utility. In

this case, the consumption function for AU households is as follows,
arciV = avwy + ag(wap 4+ Tng—1 — ) + QWi g, (10)

with,

1
1-5

* * /8 *
Wie = [%Et Wit + O‘GEh,tﬂ-tJrl} — Qg (Tn,t + ——EK; Tn,t+1) )

1-p

2

war = (1— A + ﬁEt%ﬂ - (Tn,t—l + Orns + mEt Tptt1 | + T+ -5 K ey,

where the budget constraint is iterated forward in time and the Euler and transversality
conditions imposed, as in (1) above, but with bounded rational expectations. Hence AU
households base their consumption decisions on forecasts of the variables exogenous to them

- wages, profits, interest rates, and inflation rates. The consumption function in (10) is



very similar to the rational expectations consumption function in (1), but is somewhat more
complicated as we assume that AU households do not know that they are identical.

We now have to differentiate between the profit flows accruing to AU and fully rational
households. In the general case, with a fully specified market for the ownership of firms, an
individual household’s profit earnings would depend on their entire history of strategy choice
over fully rational and AU behaviour, leading to a complicated distribution over households.
To avoid this - and ensure tractability - Massaro (2013) assumes that profit is distributed
equally across households. We take a different approach, and assume that profits accrue to

households in proportion to their economic activity, i.e.,

1 «
W = 1_aCfE—m(wt+th), (11)

W = e = (et ). (12)
This is the major simplifying assumption that allows us to derive straightforward expressions
of the model’s reduced form, which in turn allows us to derive analytical stability and
bifurcation conditions. Although the assumption is relatively unusual, it is in a similar
spirit to an assumption of equal distribution, and ensures that v, = nyf*f + (1 — n)7¥ in
each period, where n is the proportion of fully rational agents.

As before, optimal labour supply is an intra-temporal decision, so we have,

hitE = (lb (we — ), (13)
BV = é (we — V), (14)

RE AU
hi hi

where is the labour supply of fully rational households, and is the labour supply

of AU households.

3.2 Firms

As for firms with rational expectations, optimal price setting for AU retail firms is given by,
(p? = p)™Y = BEE; [men + (011 — peva) V] + (1 = BE) (mey + msy). (15)

Solving forwards yields,

[e.9]

(0f — p)*Y =B7 > (B [Bmipir + (1 = BE) (meryi + msiys)). (16)

=0

10



Note that AU for retail firms is more straightforward than for households, as the ratio-
nal expectations solution is already in recursive form and there is no retail firm budget

constraint.

3.3 Aggregation and equilibrium

Without loss in generality, for reasons given in section 3.5, suppose that the proportion n of
fully rational households in the economy is equal to the proportion of fully rational firms.

Assuming a unit measure of households, aggregation entails,

nelf + (1 —n)ctV = ¢, (17)

nhf® 4+ (1 = n)h!V = h,, (18)

n(pf = p)™ + (L= )] — p)*7 =9} — 1, (19)
Eme = (1 =)} — pr)- (20)

The equilibrium conditions, Fisher equation, and the monetary policy rule are exactly the

same as in the standard rational expectations model.

3.4 Expectation formation of AU agents

Equations (9) - (20) define the New Keynesian model with AU up to the definition of the
bounded rational predictor E;. To close the model, we therefore need to specify the manner
in which AU households and firms form their expectations. As discussed in Calvert Jump
and Levine (2018), there is a large literature discussing departures from full rationality
in expectations formation, with a comprehensive survey of the studies preceding the 2008
financial crisis contained in Pesaran and Weale (2006). A notable post-crisis paper is Pfajfar
and Santoro (2010), who find that only 10% of the forecasts in the Michigan Survey reflect
regular information updating. A useful simplified predictor in this context is the static
predictor in which future values of a variable are forecast as equal to the last observed value

of that variable, i.e.,
E; [$t+1] = Ti—is

for some random variable x, where i > 0 determines the last observed value. This is the
extrapolative predictor used in chapter 1 of De Grauwe (2012b), and is a special case of
the bounded rational predictor used in Branch and McGough (2010). It is the optimal

11



predictor when agents believe that x follows a random walk, which is a relatively accurate
approximation to most macroeconomics variables (Nelson and Plosser, 1982).

Given the foregoing, we assume that AU households and firms assume that the variables
of interest to them follow random walks, and therefore forecast all variables as equal to
their last observed values. We assume that variables which are local to the agents, in a
geographical sense, are observable within the period, whereas variables that are strictly
macroeconomic are only observable with a lag. This categorization regarding information
about the current state of the economy follows Nimark (2014). He distinguishes between
the local information that agents acquire directly through their interactions in markets and
statistics that are collected and summarised, usually by governments, and made available to
the wider public®. The only exception to this is the nominal interest rate, which we assume
is observable within the period given the timing structure of New Keynesian models. Thus

AU household expectations are given by,

Ei w1 = wy, (21)
Efvetr =, (22)
Eirnte1 = Tnt, (23)
Eimiq = w1, (24)

and AU firm expectations are given by,

E;meciyr = mey, (25)

E:?Tt+1 = T¢—1- (26)

AU firms can observe their own marginal costs within the period, but in a similar manner to
AU households, can only observe aggregate inflation with a lag. Note that firms observing
their real marginal costs within the period, and households observing their real wage and
profits within the period, does not imply that firms and households observe the aggregate
price level within the period. As noted above, we assume that agents do not know that
they are identical. In this case, they observe their own price within the period, and there-
fore their own real marginal costs, real wages, and dividends, but not the aggregate price
level. This is reasonable given the considerable data-gathering costs of observing aggregate

macroeconomic variables like inflation, as discussed in Nimark (2014). Note, however, that

5His paper actually focuses on a third category, information provided by the news media, and allows for
imperfect information in the form of noisy signals, issues which go beyond the scope of our paper.
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fully rational agents observe all variables within the period, and that we retain the Taylor
rule (6) and assume that the central bank observes current inflation and output, thus having

the same information advantage as rational agents.

3.5 Reduced form

Equations (9) - (26) fully describe the New Keynesian model with AU, where the proportion
n of fully rational agents is held constant. Deriving the reduced form is relatively straightfor-
ward. First, by rearranging the AU household consumption function (10) after substituting
in the expectations functions, we find that AU households choose their level of consumption
such that,

Tnt = Ti-1, (27)

in each period. The derivation of (27) is discussed in some detail in appendix A.

Combining (27) with the monetary policy rule (6), we see that,

0, 1
Yp = — (g) T+ (9—y> -1, (28)

which greatly simplifies the analysis, as we will not need to track output as a separate state
variable. In fact, as (28) means that we do not have to separately track the consumption
levels of fully rational and AU households in the state space form, it is this result that allows
us to derive analytical stability conditions in the sequel. Also note that (28) means that
the proportion of fully rational households does not affect the equation of motion for y;,
which allows us to assume that the proportion of fully rational households is equal to the
proportion of fully rational firms without loss of generality.

Using the aggregation conditions (19) and (20), and the price setting conditions (15) and
(16), we can derive the reduced form New Keynesian Phillips curve with fully rational and

AU firms,

i = n(BEm1 + kye) + (1 — n)(06m—1 + Ky, (29)

where the shocks process ms; is set equal to zero, me; = y,(1 + ¢)/a, and the composite
parameters k, 0, and ¢ are defined in table 1. Finally, by substituting the equation of motion
for output (28) into the New Keynesian Phillips curve (29) and rearranging, we arrive at

the reduced form model,

B D
]Etﬂ't+1 = <A + —> Ty — <C + —> Te—1, (30)
n n

where the composite parameters are defined in table 1.

13



3.6 State space form and stability

The New Keynesian model with fixed proportions n of fully rational agents and (1 — n) of
AU agents, has a reduced form (30) described by a second order forward looking difference
equation in inflation. Define the auxiliary variable z; = m;_1. Then the state space form of

our model is given by,

Etﬂ-t—‘rl B A+ B/TL —(C‘I— D/n) Tt (31)

Zt4+1 1 0 Zt

where 7; is a jump variable and z; is a pre-determined variable. We are now in a position

to demonstrate our first proposition:

Proposition 1: If the monetary policy rule is such that the condition in (8) holds, then
the model in (31) is determinate and stable.

Proof of proposition 1: The proof is composed of two lemmas:

Lemma 1: For n € (0, 1], if the monetary policy rule is such that the condition in (8)
holds, then the model in (31) is determinate and stable.

Proof of lemma 1: Determinacy and stability in the model described by (31) with
n € (0, 1] requires one eigenvalue inside the unit circle and one eigenvalue outside the
unit circle (Blanchard and Kahn, 1980). Denote the trace of the system in (31) by
T = A+ B/n and the determinant by A = C' + D/n. As 7 and A are positive, the
necessary and sufficient condition for determinacy and stability in the model described

by (31) is 7 — A > 1. Now, suppose that n = 1 and,

ewz1—(1_59y>+e, (32)

K

where € is an arbitrarily small but positive constant (i.e. the condition in (8) holds), so
the model is determinate and stable. A sufficient condition for stability when n € (0, 1)

is then,

%(T—A)<0Vn€(0,1}, (33)

i.e. 7 — A increases from 1 as n decreases from 1. From (31), we have,

d -2
%(T—A):(D—B)n :

Taking advantage of the definitions of B and D in table 1, this yields,

14
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Figure 1: Graphical illustration of proposition 1, showing a stability plot in the trace 7
and determinant A for a second order difference equation when 7 > 0 and A > 0. At point
P, which lies within the saddle path stable region (i.e. it satisfies 7 — A > 1), a decrease in

/ "o ot oA " ot 0A
n moves the model to P’ or P” if a=n) < a(eny OF to P if B~ B(n)

in n moves the model to P’ or P” if g—T > %—A, or to P if % < %—A.
mn n n mn

. Thus a decrease

d 0,008 1) — k(0 —1)] _
%(T—A)— 7, ]n 2 (34)
which, by substituting (32) into (34), yields,
%(T ~A)=(D—-B)n?*=— {Z—Zﬂ n=2. (35)

As k, 1, B, and 0, are all positive (see table 1), (35) implies (33). This is illustrated
graphically in figure 1, which shows the standard stability plot in the trace and deter-
minant for a second order difference equation when both the trace and determinant

are positive (see e.g. Hamilton 1994, chapter 1). [ |

Lemma 2: For n = 0, if the monetary rule is such that the condition in (8) holds,
then the model in (31) is stable.

Proof of lemma 2: When n = 0, there are no agents with rational expectations, and
therefore determinacy is irrelevant. From (29), the New Keynesian Phillips curve is

given by,

T = 0Bm—1 + KYYy, (36)
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when all agents are AU. Substituting out y; using (28), we have the reduced form,

(080, + Yk
Ty = (—Qy T lp,‘ieﬂ> T¢—1- (37)

The model in (37) is stable when the coefficient on m;_; is less than one in absolute
value. As the coefficient will be positive given the parameter definitions in table 1,

this is the case when,

080, + YK
— < 1.
0y + k0 = (38)

Rearranging, and taking advantage of the parameter definitions, we arrive at a stability
condition identical to (8). Therefore, the model in (31) with n = 0 is stable if the
condition in (8) holds, which completes the proof of proposition 1. [ |

Proposition 1 states that the rational expectations determinacy condition is sufficient for
determinacy and stability in the model with fixed proportions of fully rational and AU
agents. However, the dynamics of the model will vary with n, as the magnitude of the
eigenvalues will change as n changes. This is illustrated in figure 2, which plots impulse
response functions of inflation in response to an ms shock with n = 0.1, n = 0.5, and
n = 0.9. The remaining parameter values are ¢ = 2, a = 0.7, § = 0.99, & = 0.75,
6, = 1.25, 6, = 0.5, such that the condition in (8) holds, and the marginal cost shock has no
persistence. Although the determinacy and stability properties of the model are unaffected
by a reduction in n, given that (8) holds, the response of the model to shocks becomes
increasingly persistent as the proportion of fully rational agents decreases. This result is
consistent with the results of Pecora and Spelta (2017), who find that convergence to the
steady state can be slow in models with heterogeneous expectations, despite the Taylor

principle being sufficient for stability.
4 The New Keynesian model with strategy switching

In this section, we extend the analysis to allow n to vary. Following the literature, we assume
that n varies according to a reinforcement learning mechanism laid out in section 4.1. We
then derive the reduced form in section 4.2, and consider the state space form and local
stability conditions in section 4.3. We establish our second and third propositions in this
section. First, the rational expectations determinacy condition ensures local determinacy
and stability in the model with n variable. Second, if the model starts from a position of
indeterminacy, an increase in the fixed cost of being fully rational can lead to the loss of
local stability via a Hopf bifurcation. This Hopf bifurcation appears to be super-critical,
giving rise to stable limit cycles. As the speed at which agents learn increases, a rational

route to randomness appears to follow, which we explore with numerical methods.
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Figure 2: Impulse response functions of inflation to a positive marginal cost shock, for the
model with n fixed, for three different values of n. The remaining parameter values are
$=2 a=07 =099, =075 0, =125 6, =0.5.

4.1 Reinforcement learning and predictor fitness

We extend the model to allow n to vary with the perceived relative forecasting strength of the
fully rational and AU predictors. Following Branch and McGough (2010) and the literature
described in the introduction, denote the fitness of the rational expectations predictor by
vEE and the fitness of the AU predictor by v/®V. Then the proportion of fully rational
agents at any point in time is given by,

explpvf'*]

n; = . 39
" explpofiP] + explpv]Y] (39)

The parameter p in (39) is referred to as the intensity of choice parameter, as a higher u
increases the rate at which agents choose strategies with a high fitness level. In this sense,
1 governs the speed of learning.

Denote the perceived mean squared error of the AU predictor by ®;, and define it as

follows,

Oy = (m — Ef_y[m])* = (m — m0). (40)
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If - as we will do in the sequel - we consider a deterministic economy, the mean squared
error of the fully rational predictor is zero, as rational expectations is equivalent to perfect
foresight in this context. Finally, and in accordance with the literature, we define the fitness

measures as follows,

ofF = -7, (41)

U;fAU = _q)h (42)

where T is a fixed cost of using the fully rational predictor. The AU predictor is then fit
relative to the fully rational predictor when the mean squared error falls below the fixed

cost of being fully rational.

4.2 Reduced form

Equations (9) - (26), extended to allow n to vary with equations (39) - (42), fully describe
the New Keynesian model with fully rational and AU agents, where the proportion n of
fully rational agents varies over time according to the perceived relative fitness of the two
strategies. By substituting (40) - (42) into (39), we find that,

ny — exp[—uY]
exp[—p Y] + exp[—pd¢]’

B exp[—pT]
T T+ ool — o] o

Thus, as the perceived mean squared error of the AU predictor falls below the fixed cost, T,
of being fully rational, agents move towards being AU and n falls. The speed of this process

is determined by the intensity parameter p. Note that (43) implies,
ng ' =1+ expl—p((m — m—2)* = T)]. (44)

As we have changed nothing in the original model other than allowing n to vary, the original

reduced form (30) becomes,

B D
Eimi1 = (A + —> T — (C + —) -1, (45)
Ty Uz

with A, B, C, and D defined as before. Finally, substituting (44) into (45), we arrive at the

reduced form New Keynesian model with n variable,

By = [A +B (1 + e*“(“t*“t*?)?m)] T — [C +D (1 + e*“((”t*”t*ZV*T)ﬂ Ti_1. (46)
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The reduced form (46) is a highly non-linear third order difference equation. The state
space form, which we turn to next, simplifies the expression somewhat and allows analytical

stability conditions to be derived.

4.3 State space form and stability

As before, define the auxiliary variable z; = m;_1, and define a second auxiliary variable

2z = z_1 = m_g. Then the state space form of the model in (46) is given by,

Eymiq1 A+B (1 + e,ﬂ((m,m)z,r)) - [c +D (1 + efu<<mfm>u>)} 0] m
Zt+1 = 1 0 0 2t )
22441 0 1 0 224

where 7, is a jump variable and z; and zz; are pre-determined variables. In the steady state,
=2z =2z2z=0and n, = (1 + e“T)_l. Therefore, the Jacobian matrix J evaluated at the

steady state is as follows:

A+B(1+eT) —[C+D(1+e7)] 0
J|7rt=zt:zzt:0 - 1 0 0 . (47)

0 1 0

For local determinacy and stability we require two eigenvalues of the Jacobian matrix (47)
inside the unit circle, and one eigenvalue outside. Local indeterminacy occurs when all
eigenvalues of the Jacobian matrix (47) are inside the unit circle. If a pair of eigenvalues
are complex conjugates, as they pass through the unit circle a Hopf (or Neimark-Sacker)
bifurcation occurs (see e.g. Hommes (2013), chapter 3). Proposition 2 considers the case of
local determinacy and stability, and proposition 3 considers the case of local indeterminacy

and Hopf bifurcation.

Proposition 2: If the monetary policy rule is such that the condition in (8) holds, then
the model in (46) is locally determinate and stable.

Proof of proposition 2: At the steady state, n; = (1 +e#Y)"l. As u € [0,00) and
T € (—o0,00), ny € (0,1) at the steady state. The proof then follows directly from lemma
1: as the model with fixed n is stable and determinate when the condition in (8) holds, the

model with variable n is locally stable and determinate when the condition in (8) holds. H
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Proposition 3: Local indeterminacy and stability in the model described by (46) requires
all eigenvalues inside the unit circle. In this case, an increase in T can lead to a loss of local

stability via a Hopf bifurcation.

Proof of proposition 3: Consider the mapping z,11 = F(x,¢), 2 € R", and ¢ € R
is a parameter. Following looss et al. (1981) and Gabisch and Lorenz (1987), we have the

following theorem:

Hopf: Let the mapping ;.1 = F(xy,¢), z, € R", ¢ € R, have a fixed point
at the origin. If there is a ¢y such that the Jacobian matrix evaluated at the
origin has a pair of complex conjugate eigenvalues A; o which lie on the unit
circle, while the remainder of its spectrum lies at a non-zero distance from the

unit circle, and the Hopf transversality condition holds, i.e.

d(modA(¢))
T > 0,

then if \"(pg) # £1 for n = 1,2,3,4, there is an invariant closed curve bifur-
cating from ¢ = g. So, as a parameter ¢ is varied, a stable fixed point loses

stability as a pair of complex conjugate eigenvalues crosses the unit circle®.

Denote the trace of the Jacobian in (47) by 7 = A + B(1 + ¢*T). By inspection, the matrix
is non-invertible, so the determinant A = 0, and at least one eigenvalue is equal to zero. In

fact, the eigenvalues of (47) are given by,

)\172:T/2:|:\/7'2/4—A07 )\3:0,

where Ag = C + D(1 + e#T) is the pseudo-determinant of (47), i.e. the product of the

non-zero eigenvalues. When Ay > 72/4 so the non-zero eigenvalues are complex conjugate,
let A2 = (1 & fai, where 5y = 7/2 and Sy = /Ay — 72/4. The modulus of the complex

conjugate eigenvalues is then:
mod(Ar2) =4/ Bf + 52,

from which it follows that mod (A1 2) = v/A¢. As the remaining eigenvalue A3 = 0, we require
Aq to equal unity for a Hopf bifurcation to occur.
Now, as Ag = C + D(1 + e#Y), mod(\;2) = 1 when,

C+D(1+e'M)=1. (48)

6This wording largely follows Iooss et al. (1981), although it has been altered slightly to fit with the
notation of the present paper. Gabisch and Lorenz (1987: 161) considers the case of x;41 = F(x¢, ),
Tt € Rz.
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Figure 3: Graphical illustration of proposition 4, showing a stability plot in the trace 7
and pseudo-determinant A, for the model in (46). Note this looks exactly the same as the
stability plot in figure 1, as the linearised model is effectively a second order difference
equation in 7; and z;, but we have now shaded the region of complex conjugate eigenvalues
with grey lines. As the model moves from points P to P’, as T is increased, a Hopf

bifurcation takes place.

Taking advantage of the parameter definitions in table 1 and re-arranging, this condition
reduces to,

(49)

1Y =In {M} )

060, + K

As the right hand side of (49) is finite, as T — oo, Ay will pass through unity from below

if it starts from a parameterisation in which Ay < 1. Precisely, we have,

d(mOd)\Zg(T)) B d\/ AU ~0
dY - dY ‘

Therefore, if the non-zero eigenvalues are complex conjugate as Ag passes through unity,
the model undergoes a Hopf bifurcation. This is illustrated graphically in figure 3, which
presents the same stability plot as in figure 1, as the model in (46) linearised is effectively
a second order difference equation, but with the region of complex conjugate eigenvalues
highlighted. |
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Figure 4: Phase plot of inflation with n variable, illustrating a stable limit cycle. The
parameter values are ¢ =2, a = 0.7, § =0.99, £ =0.75, 0, = 0.9, 0, = 1, . = 0.1,
T = —10.

4.4 Rational route to randomness

Proposition 3 demonstrates that an increase in the fixed cost of being fully rational can lead
to the loss of local stability via a Hopf bifurcation if the model starts from a position of
local indeterminacy. The existence of limit cycles therefore depends on the monetary policy
rule and Y. Figure 4 presents a plot of a single simulated trajectory of the model in (46),
numerically demonstrating the existence of a stable limit cycle in the inflation rate. The
underlying parameterisation is the same parameterisation used in the rest of the paper, and
is a fairly standard prior for the basic New Keynesian model.

The existence of a Hopf bifurcation and stable limit cycles indicate the possibility of a
rational route to randomness. Following Brock and Hommes (1997), this is a bifurcation
route to instability, cycles, and chaos as the intensity of choice parameter p increases.
Mathematically, this route to chaos is associated with the emergence of a homoclinic loop,
as the equilibrium becomes a saddle-focus with one stable and two unstable eigenvalues

after the Hopf bifurcation, associated with a one dimensional stable manifold and a two
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Figure 5: Simulated trajectories for various values of p, illustrating the rational route to
randomness. The remaining parameter values are ¢ =2, a = 0.7, = 0.99, £ = 0.75,
0.=03,0,=1,T=0.1.

dimensional unstable manifold, respectively. In fact, proposition 5.5.2 in Hommes (2013)
would lead us to expect the existence of a homoclinic loop in the model considered here.

Retaining the same underlying parameterisation, and setting T = 0.1, figures 5 and 6 plot
several trajectories as p increases. As is evident from the plots, the stable limit cycle quickly
loses its smoothness as p increases, and then varies between periodic attractors and strange
attractors. This evolution is not dissimilar to the evolution in the Henon-like map discussed
in Gonchenko et al. (2014), in which simple Shilnikov scenarios in three dimensional maps
are discussed in some detail. Finally, figure 7 plots a bifurcation diagram as u is increased,
and the simulated largest Lyapunov exponents for the model over the same range of . Both
panels in figure 7 are plotted using the software E€F Chaos - see Diks et al. (2008).

The bifurcation diagram is constructed by simulating the model for 7" periods, k times
for k different values of p equally spaced between 1 and 3. For each of the k values of
1, this yields T different simulated values of inflation which are plotted on the vertical
axis (although a long burn-in period for each simulation ensures that the simulated values
of inflation constitute the fixed point(s) for the system). The Lyapunov exponents are

simulated, and measure the average rate of separation of a trajectory before and after a
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Figure 6: Simulated trajectories for various values of p, illustrating the rational route to
randomness. The remaining parameter values are ¢ =2, a = 0.7, = 0.99, £ = 0.75,
0.=03,0,=1,T=0.1.

small perturbation. As a positive Lyapunov exponent is an important indicator of chaos,
we can state with some confidence that the model in (46) displays a rational route to
randomness.

Unsurprisingly, as proposition 5.5.2 in Hommes (2013) leads us to expect the existence
of a homoclinic loop, there exist parameterisations in which near-homoclinic trajectories are
particularly apparent in numerical simulation. Figure 8 presents an example of this, and
plots the phase diagram in two dimensions and three dimensions. The plotted trajectory
starts very close to the steady state, and spirals away from it across the unstable manifold.
Throughout this process the proportion of AU agents fluctuates with the fluctuations in
inflation. As the trajectory gets further from the steady state, it becomes increasingly
difficult to forecast, leading to agents shifting away from the AU predictor towards the
rational expectations predictor for longer periods of time. At this point the model stabilises,
and re-approaches the steady state down the stable manifold. The corresponding time series
of inflation and n, the proportion of rational firms, are plotted in figure 9, which illustrates
this dynamic from a different perspective. This dynamic is common to models of this form,

in which agents shift between destabilising bounded rational predictors and stabilising fully
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Figure 7: Panel A: Bifurcation plot of the orbit of inflation against p. Panel B: Largest
Lyapunov exponent against ;. The parameter values are ¢ = 2, a = 0.7, 8 = 0.99,
§=0750,=03,0,=1,71T=0.1.

rational predictors, following Brock and Hommes (1997).

5 Monetary policy rules with persistence

In sections 3 and 4 we demonstrate three propositions. First, in the model with fixed
proportions of fully rational and AU agents, we demonstrate that the condition in (8) is
sufficient for determinacy and stability. Second, in the model with variable proportions of
fully rational and AU agents, we demonstrate that the condition in (8) is sufficient for local
determinacy and stability. Third, in the model with variable proportions of fully rational
and AU agents, we demonstrate that an increase in the cost of being fully rational can lead
to a Hopf bifurcation if the model starts out from a position of indeterminacy.

These results rely on a lack of persistence in the policy rule. In this final section, we
relax this assumption to check the robustness of the results in sections 3 and 4. Specifically,

we generalise the monetary policy rule to the standard rule with persistence,
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Figure 8: Trajectories in two and three dimensions, respectively, of the first 103 iterations
of the model in which 4 =1 and T = 0. The remaining parameterisation is ¢ = 2, a = 0.7,
B =099, =0.750,=03,0,=1

Tn,t - prrn,t—l + (1 - pr)(eﬁﬂ-t + nyt>7 (50)

where p, € (0, 1].
For the case of pure rational expectations, with n fixed and equal to 1, the policy space
for the rule in (50) is given by,

1 —
eﬂ- + Tﬁgy >1-— Pr, (51)

which is a result obtained in Woodford (2003), appendix C.

For the case of pure AU, with n fixed and equal to 0, using the monetary policy rule
(76) leads to a second order generalisation of the model in lemma 2,

| e+ (1= p,)6p0,

Tt =

} . { pr
(1 - pr)(ey + Wf@w) ! (1 - pr’)(ey + ?ﬁ/‘i@w)

T¢—2. (52)

Using z; = m;—1 as before, we can re-write the model in (52) as,
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Figure 9: Trajectories, respectively, of the first iterations 10 to 140 of the model in which
#=1and T = 0. The remaining parameterisation is ¢ =2, a = 0.7, § =0.99, £ = 0.75,
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- %Zf/f + (1 — pr)(sﬂey _ Pr -
K _ | (1- pr)(ey + YrKby) (1- pr)(gy + Yr0;) - . (53)
Zt 1 O Zt—1

Denoting the trace of the model in (53) by 7 and the determinant by A, necessary and

sufficient conditions for stability are,
1. A<,
2.1-7+A >0,
3. 1+7+A>0.

As 7 and A are both positive the third condition is not binding, and for p, < 1 condition 3
yields the familiar condition 6, + %Qy > 1. But condition 1 adds a further restriction on

persistence in the monetary policy rule, given by,
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- 0.k
N

(54)

Thus we have our fourth and final result:

Proposition 4: With persistence in the interest rate, the policy space (6, 6,) under rational
expectations is increased to 6, + %Hy > 1 — p,.. Under AU the policy space remains as

0, + 126, > 1 and persistence is constrained by (54).

By considering the limiting case of 8, = 0, one can see that (54) restricts the stability region
of the model with n = 0 quite substantially. This is further illustrated by considering the

limiting case of p, = 1. By re-parameterising the rule as,
Tnt = Tni—1 + Qe + Ay Yy, (55)

then the case a, = 0 gives Ar,,; = 0, Ap;, where m, = p, —py—1 and p; is the price level. Thus
Tnt = Ozp, and (55) is a price level rule. Putting o = (1 — p,)0, and o, = (1 — p,)6, into
the previous result and letting p, — 1, the policy space (o, ;) under rational expectations
is a; + %ay > 0 and the policy space under AU is «, + @Qy > 1. Hence under rational
expectations and p, = 1, at least one slightly positive feedback from inflation and output
is necessary and sufficient to result in saddle-path stability. Under AU and p, = 1, the
policy space is considerably reduced for plausible values of £&. Thus proposition 4 qualifies
propositions 1 and 2, and implies that the stability properties of the New Keynesian model
with AU are sensitive to changes in the monetary policy rule. Again, this reinforces the

existing results discussed in the introduction.

6 Concluding Remarks

This paper constructs and explores the monetary policy consequences of the workhorse
New Keynesian model with AU learning and heterogeneous agents. First, we derive the
model with a fixed proportion n of fully rational agents and a fixed proportion 1 — n of
anticipated utility agents, in a similar manner to Massaro (2013). We then extend the model
to include reinforcement learning along the lines of Branch and McGough (2010). Using
this model, we demonstrate four propositions. First, the rational expectations determinacy
condition is sufficient for determinacy and stability when n is fixed. Second, the rational
expectations determinacy condition is sufficient for local determinacy and stability when n
varies according to reinforcement learning. Third, when monetary policy is such that the
dynamics are indeterminate, limit cycles can exist, and may be followed by a rational route

to randomness. Fourth, the rational expectations determinacy condition not is sufficient
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for determinacy and stability in the presence of interest rate smoothing. These results
are consistent with the general message of the behavioural New Keynesian literature, i.e.

qualified support for the existing monetary policy orthodoxy.

29



References

Adam, K. and A. Marcet (2011). Internal Rationality, Imperfect Market Knowledge and
Asset Prices. Journal of Economic Theory 146(3), 1224-1252.

Adam, K., A. Marcet, and J. Beutel (2017). Stock Price Booms and Expected Capital
Gains. The American Economic Review 107(8), 2352-2408.

Blanchard, O. J. and C. M. Kahn (1980). The Solution of Linear Difference Models Under
Rational Expectations. Econometrica 48(5), 1305-11.

Branch, W. A. and G. W. Evans (2007). Model uncertainty and endogenous volatility.
Review of Economic Dynamics 10(2), 207-237.

Branch, W. A. and B. McGough (2004). Multiple equilibria in heterogeneous expectations

models. Contributions to Macroeconomics 4(1).

Branch, W. A. and B. McGough (2009). A New Keynesian model with heterogeneous
expectations. Journal of Economic Dynamics and Control 33(5), 1036-1051.

Branch, W. A. and B. McGough (2010). Dynamic Predictor election in a New Keynesian
Model with Heterogeneous Agents. Journal of Economic Dynamics and Control 34(8),
1492-1508.

Branch, W. A. and B. McGough (2016). Heterogeneous Expectations and Micro-Foundations
in Macroeconomics. Forthcoming in the Handbook of Computational Economics, Volume
4, Heterogeneous Agent Models, edited by Cars Hommes and Blake LeBaron. This Hand-
book will be published in the Elsevier Handbooks in Economics series, Edited by Kenneth
Arrow, Michael Woodford and Julio Rotemberg.

Brock, W. A. and C. H. Hommes (1997). A Rational Route to Randomness. Economet-
rica 65, 1059-1095.

Calvert Jump, R. and P. Levine (2018). Behavioural New Keynesian models. SSRN Working
Paper.

Calvo, G. (1983). Staggered Prices in a Utility-Maximizing Framework. Journal of Monetary
Economics 12(3), 383-398.

Cogley, T. and T. J. Sargent (2008). Anticipated utility and rational expectations as approx-

imations of bayesian decision making. International Economic Review 49(1), 185-221.

De Grauwe, P. (2011). Animal spirits and monetary policy. FEconomic Theory 47(2-3),
423-457.

De Grauwe, P. (2012a). Booms and Busts in Economic Activity: A Behavioral Explanation.
Journal of Economic Behavior and Organization 83(3), 484-501.

30



De Grauwe, P. (2012b). Lectures on Behavioral Macroeconomics. Princeton University Press.

Deak, S., P. Levine, J. Pearlman, and B. Yang (2017). Internal Rationality, Learning and
Imperfect Information. School of Economics, University of Surrey, Working Paper No.

0817.

Diks, C., C. Hommes, V. Panchenko, and R. v. d. Weide (2008). E&f chaos: A user friendly
software package for nonlinear economic dynamics. Computational Economics 32(1-2),
221-244.

Dixit, A. K. and J. E. Stiglitz (1977). Monopolistic competition and optimal product
diversity. American Economic Review 67(3), 297-308.

Eusepi, S. and B. Preston (2011). Expectations, Learning, and Business Cycle Fluctuations.
American Economic Review 101(6), 2844-2872.

Eusepi, S. and B. Preston (2018). The science of monetary policy: An imperfect knowledge

perspective. Journal of Economic Literature 56(1), 3-59.
Gabisch, L. and H. W. Lorenz (1987). Business Cycle Theory. Springer-Verlag.

Gonchenko, A., S. Gonchenko, A. Kazakov, and D. Turaev (2014). Simple scenarios of
onset of chaos in three-dimensional maps. International Journal of Bifurcation and

Chaos 2/ (08), 1440005.

Graham, L. (2011). Individual Rationality, Model-Consistent Expectations and Learning.

Mimeo, University College London.
Hamilton, J. D. (1994). Time Series Analysis. Princeton: Princeton University Press.

Hommes, C. (2013). Behavioral Rationality and Heterogeneous Ezpectations in Complex

Economic Systems. CUP.

looss, G., A. Arneodo, P. Coullet, and C. Tresser (1981). Simple computation of bifurcating
invariant circles for mappings. In D. A. Rand and L. S. Young (Eds.), Dynamical Systems
and Turbulence, Warwick 1980, pp. 192-211. Berlin: Springer.

Kreps, D. (1998). Anticipated Utility and Dynamic Choice. In D. Jacobs, E. Kalai, and
M. Kamien (Eds.), Frontiers aof Research in Economic Theory, pp. 242-274. Cambridge
University Press, Cambridge.

Lustenhouwer, J. and K. Mavromatis (2017). Fiscal Consolidations and Finite Planning
Horizons. BERG Working Paper 13.

Massaro, D. (2013). Heterogeneous Expectations in Monetary DSGE Models. Journal of
Economic Dynamics and Control 37(3), 680—692.

31



Nelson, C. and C. Plosser (1982). Trends and random walks in macro-economic time series:

Some evidence and implications. Journal of Monetary Economics 10, 139-162.

Nimark, K. P. (2014). Man-Bites-Dog Business Cycles. American Economic Review 104 (8),
2320-67.

Pecora, N. and A. Spelta (2017). Managing monetary policy in a New Keynesian model
with many beliefs types. Fconomics Letters 150, 53-58.

Pesaran, M. H. and M. Weale (2006). Survey expectations. Handbook of Economic Fore-
casting 1, 715 — 776.

Pfajfar, D. and E. Santoro (2010). Heterogeneity, learning and information stickiness in

inflation expectations. Journal of Economic Behavior & Organization 75(3), 426-444.

Preston, B. (2005). Learning about monetary policy rules when long-horizon expectations
matter. International Journal of Central Banking 1(2), 81-126.

Sinitskaya, E. and L. Tesfatsion (2015). Macroeconomics as Constructively Rational Games.

Journal of Economic Dynamics and Control 61, 152-182.

Spelta, A., G. Ascari, and N. Pecora (2012). Boom and Burst in Housing Market with
Heterogeneous Agents. Mimeo, Quaderni di Dipartimento 177, University of Pavia, De-

partment of Economics and Quantitative Methods.

Turnovsky, S. (2011). On the role of small models in macrodynamics. Journal of Economic
Dynamics and Control 35(9), 1605-1613.

Woodford, M. (2003). Interest and Prices. Foundations of a Theory of Monetary Policy.

Princeton University Press.

Woodford, M. (2013). Macroeconomic Analysis Without the Rational Expectations Hy-
pothesis. Annual Review of Economics, Annual Reviews 5(1), 303-346.

Woodford, M. (2018). Monetary Policy Analysis When Planning Horizons Are Finite. NBER

Macroeconomics Annual 2018 33.

32



Appendix

A Deriving the reduced form model

In this appendix we explain how to arrive at the reduced form equation (27), which leads
in a straightforward manner to the reduced form equation for output (28), and thus the
reduced form model analysed in the main body of the text.

There are two ways to derive (27), the first of which is the most straightforward and is

emphasised in the main body of the text. Substituting expectations into (10) we have,
a1V = apwy + ag(Wag + Trp1 — T) + Quwry, (A.1)

with,

1
1=

Wit =

(aswy + am—1) — g (Tn,t + 1 f 5rn,t) )

i 5
way = (1 — ﬁ)’ﬁw + ﬁ’YiAU - (Tn,tl + Bra. + Tt | 7+ | 7——= | Te—1,

1-4 1-0
hence,
alc{f‘U = apw; + ag {’ytAU — 1 f B(T’n’t — 7Tt1):| + 1Oi4ﬁ[a5wt —ag(rns —m-1)]. (A.2)
Collecting terms in (A.2) gives us,
oqch = (042 + 1064_05;) wy + oz;wfw — (%) (Pnt — Ti—1)- (A.3)

To proceed, we can either assume that profit is distributed in proportion to economic activity,
as in the main body of the text, or we can assume that profit is distributed equally. In the

first case we have,

1 «o

W = T CEE—E(’LUHF}LFE), (A4)
1 Q

N ) (A5

with the associated labour supply functions given by,

33



AU

ppUo= TG (A.6)
¢
hEE = W_Tfi% (A.7)

Substituting (A.6) into (A.5) and rearranging, we have,

= (o) (7a) (57) 9

Substituting (A.8) into (A.3), and substituting out for the composite parameters a; - as

using table 1, yields,

) (5 (52) (2
((b)ct N )\ ) el )"

B a3 + a0
1-p

(A.9)
) (e — me-1),

and we are thus left with (27) in the main body of the text. Given (27) and the monetary
policy rule, aggregate output y; is determined by (28), i.e.,

0. 1
Yy = — (g) T+ (e—y) 1, (A.lO)

the consumption of rational agents is determined by (9), i.e.,

cfE =E, [cﬁﬁ — Ter1), (A.11)

and the consumption of AU agents is determined by the aggregation relationship (17), i.e.,

RE
AU — Y — nct A 12
Ct 1 — n . ( . )
However, we can ignore (A.11) and (A.12) in the reduced form model, as neither y; nor /¥

nor ¢V are state variables; it is precisely this fact which lets us derive the analytical results

in the main body of the paper.
An alternative way to arrive at (27) is to assume that profit is distributed equally across
households. Then,

1 a
fytAU = fny = = c — a(wt + hy), (A.13)



with household labour supply as before. Aggregating household labour supply yields,

ht == y (A14)

and making use of the production function and the fact that ¢, = y; yields y; = ah;. We

then arrive at,

w, = (O‘+¢> " (A.15)

Ve = _(c;j—i) Yt (A.16)

hence (A.3) becomes,

QL o+ o+
OélciAU: (042‘1‘14_;)( a¢)yt—a3(1_j>yt

B azf + aua
1-p

(A.17)

o

Rearranging (A.17) and substituting out a; - o then yields,

(a ;; ¢) (@ —y) == (1 f 5) (a ;; ¢) (Pt = Te-1), (A.18)

or,

g

CfU =Y —\ ——= (rn,t — 7Tt,1), (Alg)
1-p

which, interestingly, is a type of “Old Keynesian” (or “textbook Keynesian”) consumption

function.

Now, from the aggregation relationship and output equilibrium we have (A.12), which

gives us,
RE RE RE
AU Gt — Gy Y — Nty ne(ye — ")
AU — - = ot 7 A.20
¢ 1-— i 1-— Ty Y 1-— T ( )

Substituting this term into (A.19) and rearranging, we arrive at,
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(1= B)n

e ) (A21)

Tnt — Tg—1 =

This should be compared to the expression in (27), and holds when profit income is equally
split across households rather than being split in proportion to activity as in the main body

of the paper. However, we note that $ = 1, and therefore,

(1—-B)n

~0forn<l. A.22
B —n) (4.22)

(1=B)n
s Bion) < 0.1 for n < 0.9,

then rises rapidly as n is increased past 0.9. We therefore expect the dynamics of the model

In fact, for § = 0.99 as in the numerical examples in the text
with (27) to be a reasonable approximation to the dynamics of the model with (A.21),

particularly in the case with n fixed (and less than 0.9), or close to the steady state in the
case with n variable.
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